Tree-like polyphenyl systems form an important class of compounds in chemistry, in particular material science and polymers. The importance can be seen in LEDs, transmitters, and electronics. In recent years, many extremal results regarding such systems under specific constraints have been reported.
Introduction
Polyphenyl compounds are synthetically or naturally derived compounds composed of multiple phenyl rings. These compounds can sometimes be hard to isolate and characterize due to the high variability and probability of impurities associated with their synthesis [20] .
Therefore, the properties that have been reported are usually determined in large batches or are a mixture of the various formations. These compounds have been known to be useful in the area of material science and polymer chemistry, which include organic light emitting diodes, catalysts, and transmitters, along with some biological applications [15] .
They have also been used in molecular models of graphene as well as discotic liquid crystals due to their higher solubilities, high thermal stability, and lowered melting points [9] . The integration of polyphenyl compounds to polymer backbones have been shown in various studies to increase the high glass transition temperature ( ), g T lower the degree of molecular association, and even create a transparent film all the while conserving the properties of the original polymer [9] . It will be helpful to be able to predict properties of these compounds due to the associated applications, costly nature of synthesis, and purification techniques as well as the wide physical range of properties and conformations.
In this article, we will refer to the rings simply as "hexagons". A polyphenyl system Z is "tree-like" if each vertex of Z lies on exactly one hexagonal plane and the graph obtained by contracting each hexagon into a vertex is a tree (that is, a connected graph with no cycle; Figure 1 ).
Figure 1.
A tree-like polyphenyl system and the corresponding tree.
Two adjacent vertices in the tree structure correspond to the two hexagons joined by an edge. Each vertex (on a hexagon) is incident to no more than one of the edges joining hexagons and each vertex belongs to exactly one hexagon. For instance, Figure 2 shows an example of a structure that is not a tree-like polyphenyl systems. The structure has two vertices that are shared by more than one hexagon. 
denotes the distance between u and v (the number of edges on the shortest path connecting u and v) and the sum goes over all unordered pairs of vertices of G.
In the past decade, the maximum and minimum Wiener index of different categories of structures have been recently studied and the extremal structures have been characterized. See, for instance, [5, 7, 11, 12, 18, 19, 21, 24] for some (but certainly not all) of a variety of studies on the Wiener index and related concepts on trees. In recent years, similar studies have been conducted on some specific tree-like polyphenyl systems [2] and specific questions on such systems have been of interests [6, 23] .
In this article, we present a simple labelling system of hexagonal vertices that enables concise tree representations of tree-like polyphenyl systems in Section 2. In Section 3, we provide the explicit characteristics of the extremal structures that minimize the Wiener index among treelike polyphenyl systems with the same underlying tree structure. It is noted that our findings, in addition to identifying the extremal propose some future topics of study.
Labelling of Hexagonal Vertices
Evidently different tree-like polyphenyl systems may be reduced to the same tree. For instance, Figure 3 is a different tree-like polyphenyl system from that in Figure 1 but it still reduces to the same tree structure after contraction of hexagons. For an edge connecting two vertices from different hexagons in a treelike system, we label the two end of this edge to denote where is the hexagon connected to this edge. For instance, the system in Figure 1 can now be represented as Figure 5 . We omit an edge label if it does not affect the tree-like system. In particular, we do not label the leaf-ends of pendant edges. Figure 6 shows another example with such labellings. Note that this example denotes a different system that shares exactly the same tree structure. Figure 6 . A different edge labelling pattern for Figure 3 with same treelike structure.
Tree-like Polyphenyl System with a Given Tree Structure
Here we consider polyphenyl systems Z with a given underlying tree structure T. First recall that the Wiener index of a tree T can also be Let the components resulted from removing the edges of a hexagon in Z be denoted by Take, for instance, a vertex 2 2 Z v ∈ and a vertex , 6 6 Z v ∈ the contribution of edges on this hexagon to ( )
Hence the total contribution of this hexagon to distances between vertices in 2 Z and 6 Z is , 2 6 2 z z where
Taking all pairs of components into consideration, we have the contribution of this hexagon to ( ) 
Remark 4.
Although we focus our attention on the extremal structures in this section, our approach can be used to effectively compare the value of the Wiener indices of two isomeric tree-like polyphenyl systems even when they are not extremal. Examples of such application is shown in Section 5.
Between Adjacent Hexagons
In this section, we consider the influence, from interchanging pendant branches of two adjacent hexagons, on the Wiener index of a tree-like polyphenyl system. First note that for any two adjacent hexagons as in Figure 9 , permuting any of the branches (with the possibility of being empty) ( ) and much more technical.
Comparison with Physical Properties
In this section, we compare our theoretical studies with the predictions of physical properties of the following isomeric polyphenyls system ( Figure 10 ). Details of these systems can be found in [1, 3, 4, 8, 10, 13, 14, 16, 17] . In what follows, we simply refer to them as A, B, C, D, E, and F. Similarly, our discussion in Section 3 implies that ( ) ( ).
The following tables show some of the properties of these polyphenyls Remark 6. Note that there is naturally not any significant differences between densities (as can be seen in Table 2 ), however the clear correlation between the density and the Wiener index is still clearly presented here. 
Concluding Remarks
In this article, we consider the Wiener index of tree-like polyphenyl systems. When the underlying tree structure is given, the extremal systems can be specifically characterized. When the systems have the same chemical molecular formula, but different structural arrangements (isomers) that possibly provides different tree structures, the study is more complicated. We provide a useful tool to study such systems by considering rearrangement of pendant branches of two adjacent hexagons. The computational results are also compared with predicted physical properties (such as boiling points, enthalpy of vaporization, and density) of these compounds. This study will help us to address systems that have all possible underlying tree structures.
It is known that among general tree structures of given order, the star (a tree where one vertex is adjacent to all other vertices) minimizes the Wiener index. From the discussion in Section 3, when a reduced tree structure is a star the contributions from non-hexagon edges to the Wiener index of a polyphenyl system is minimized. When the order of the reduced tree is at most 7, the star will indeed produce a feasible polyphenyl system.
As a first step of exploring the minimal Wiener index of such systems, trees with given order 7 ≤ and their corresponding polyphenyl systems can be explored through exactly the methods described in this article. Of particular importance is to note that proposed variations of the tree structure will change the value of (1) for each hexagon. Hence more in-depth study is needed.
A natural question would be that, is it true that, among tree-like polyphenyl systems of given order, the minimum (maximum) Wiener index is obtained when the underlying tree structure is extremal (with corresponding constraints such as maximum degree 6 ≤ ) and conditions such as (2) is satisfied.
